Abstract: A graph is called 1-planar if there exists its drawing in the plane such that each edge is crossed at most once. In this paper, we study 1-planar graph joins. We prove that the join G + H is 1-planar if and only if the pair [G, H] is subgraph-majorized (that is, both G and H are subgraphs of graphs of the major pair) by one of pairs
Introduction
Throughout this paper, we consider simple graphs (not necessarily connected); the used terminology is taken from [5] .
In research of graph properties (by graph property, we mean any family of graphs closed under isomorphism) one of typical questions concerns a characterization of graphs such that the result of a particular graph operation has the desired property. Among numerous results in this direction (see, for example, the classic paper [2] on various properties of Cartesian product) we highlight the ones concerning graph properties defined by topological or geometric constraints on drawings of graphs with respect to binary operation of graph join. Recall that the join product (or shortly, join) G + H of two graphs G and H is obtained from vertex-disjoint copies of G and H by adding all edges between V (G) and V (H). In [14] , Kulli and Muddebihal characterized planar joins; the crossing numbers of joins of special graphs were studied in [10] , [11] , [12] , [13] and [15] (the crossing number cr(G) of a graph G is the minimum number of crossings in any plane drawing of G).
In this paper, we study the conditions under which the graph join is 1-planar, which means that there exists its drawing in the plane such that each edge is crossed at most once. The family of 1-planar graphs, although introduced already in 1965 by Ringel (see [17] ) in the connection with simultaneous vertex-face coloring of plane graphs, was explored in a deeper detail quite recently (see, for example, the papers [7] , [8] , [16] ); to our knowledge, a systematic study of graph operations that preserve 1-planarity was not realized.
Our results can be divided into two groups. In Section 2, we consider the cases that both factors of the graph join have at least three vertices; here, we obtain that the join G + H is 1-planar if and only if the pair [G, H] is subgraph-majorized (that is, both G and H are subgraphs of graphs of the major pair) by one of pairs
The cases when one of factors has one or two vertices are treated in Section 3; since the full characterization seems to be difficult, we give several necessary/sufficient conditions for the bigger factor.
When dealing with 1-planar graphs, we will use the following notation taken from [7] . Let G be a 1-planar graph and let D = D(G) be a 1-planar drawing of G (that is, a drawing of G in the plane in which every edge is crossed at most once; we will also assume that no edge is self-crossing and adjacent edges do not cross). Given two non-adjacent edges pq, rs ∈ E(G), the crossing of pq, rs is the common point of two arcs Let C n and P n denote the cycle and the path with n vertices. The disjoint union of two graphs G and H is denoted by G ∪ H. The disjoint union of k identical graphs G is denoted by kG.
Let us consider the join G+H with |V (G)| = m and |V (H)| = n such that m ≥ n ≥ 3. Observe that the complete bipartite graph K m,n is a subgraph of G + H. In the following, we will use the characterization of 1-planar complete multipartite graphs from [4] ; the results are contained in Table 1 , where the notation of sizes of parts of vertices is the following: a − b means the set a, b ∩ Z (the interval of integers); a− means all integers greater or equal to a.
These results imply that G + H is not 1-planar if m ≥ 5, n ≥ 4 or m ≥ 7, n ≥ 3. Proof. If one of these graphs contains a vertex of degree three, then G + H cannot be 1-planar, since it contains a subgraph K 4,3,1 which is not 1-planar.
has 8 + c vertices and 19 + 2c edges. In [13] it was proved that cr((C 3 ∪ P 1 ) + 4P 1 ) = 6, hence c ≥ 6. First assume that the added edges join only the vertices of 4P 1 . Thus we have a 1-planar drawing of (C 3 ∪ P 1 ) + K 2,1,1 . The graph K 2,1,1 contains a vertex of degree three, hence (C 3 ∪ P 1 ) + K 2,1,1 is not 1-planar (see Lemma 2.1). Consequently, at least one added edge joins two vertices of C 3 ∪P 1 . Similarly as above we have a 1-planar drawing of a non-1-planar graph (C 3 ∪P 1 with the added edge has a vertex of degree three), a contradiction.
Figure 1: Connected graphs on four vertices.
Lemma 2.3 Let G and H be graphs such that m = n = 4. Then G + H is 1-planar if and only
, which is 1-planar. On the other hand, if G + H is 1-planar, then the maximum degree of G and H is at most two (see Lemma 2.1). Moreover, Lemma 2.2 implies that neither G nor H contain C 3 as a subgraph.
Lemma 2.4 Let G and H be graphs such that m = n = 3. Then G + H is 1-planar.
Proof. The graph G + H is a subgraph of K 6 which is 1-planar.
Lemma 2.5 Let G and H be graphs such that m = 4 and n = 3. Then G + H is not 1-planar if and only if
Proof. We distinguish several cases according to the number of edges of G. Case 1. If G has six edges, then G = G 1 . The join G + H cannot be 1-planar because it contains the subgraph K 3,1,1,1,1 which is not 1-planar.
Case 2. If G has five edges, then G = G 2 . In this case G+ H is 1-planar if and only if
Case 3. If G has four edges, then either G = G 3 or G = G 4 . The graph G 4 + H is 1-planar, since it is a subgraph of the 1-planar graph K 2,2,1,1,1 . The graph G 3 + C 3 is not 1-planar, since it has a not 1-planar subgraph
which is 1-planar. Therefore, the graph G 3 + H is 1-planar if and only if H = C 3 .
Case 4. If G has at most three edges, then G is a subgraph of G 5 or G 6 or C 3 ∪ P 1 . If G = G 5 and H = C 3 , then G + H = K 3,1,1,1,1 , so it is not 1-planar. Figure 2 shows a 1-planar drawing of (C 3 ∪ P 1 ) + C 3 , so (C 3 ∪ P 1 ) + H is 1-planar for H ⊆ C 3 . In the other cases G + H is a subgraph of the 1-planar graph K 3,2,1,1 or K 2,2,1,1,1 . Now turn our attention to the case m = 5 and n = 3. Lemma 2.6 Let G and H be graphs such that m = 5 and n = 3. If G contains a vertex of degree four, then G + H is not 1-planar. Proof
To deal with the remaining possibilities, we color the edges and vertices of G with blue, the edges and vertices of H with red, and the other edges of G + H (the edges which join vertices of G with vertices of H) with black. Clearly, the black edges induce a complete bipartite graph K 5,3 whose crossing number is four, see [9] . This means that, in any drawing of G + H, at least four crossings are incident only with black edges. Let e 1 , e 2 be two black edges which cross each other in D, and let v be their crossing. There are five blue vertices, hence, without loss of generality, we can assume that there are exactly two blue vertices inside the red C 3 . Therefore, there is only one crossing inside the red C 3 . So, we obtain that the remaining crossings (at least three), which are incident only with black edges, are outside the red C 3 . Consequently, no red edge is crossed by any other edge in D.
Two blue vertices are inside the red C 3 , three blue vertices are outside the red C 3 and no red edge is crossed. Thus (P 4 ∪ P 1 ) + C 3 cannot contain any blue P 4 , a contradiction. Lemma 2.9 (P 4 ∪ P 1 ) + P 3 is not 1-planar.
Proof. Assume that (P 4 ∪ P 1 ) + P 3 is 1-planar. The red endvertex of e 1 is joined with the red endvertex of e 2 by a red edge in D since otherwise, by adding this missing edge, we obtain a 1-planar drawing of the graph (P 4 ∪ P 1 ) + C 3 which is not 1-planar. The red endvertices of e 1 , e 2 and the false vertex v form a false 3-face in D × . There are two red edges in D and at least four crossings are incident only with black edges, hence these red edges are incident with four false 3-faces in D × , see Figure 3 . Consequently, the central vertex of the red P 3 is adjacent to at least four false vertices in D × . Now we extend D × to a triangulation T by adding some edges which join only true vertices. In this triangulation, the central vertex x of the red P 3 has degree seven. The fact that T is a triangulation implies that there is a 7-cycle in T which contains all vertices adjacent to x. No false vertices are adjacent in T , hence this 7-cycle contains at most three false vertices. This means that x is adjacent to at most three false vertices in D × , a contradiction. Lemma 2.10 (P 4 ∪ P 1 ) + (P 2 ∪ P 1 ) is not 1-planar. Proof. Assume that (P 4 ∪ P 1 ) + (P 2 ∪ P 1 ) is 1-planar. The red endvertex of e 1 is joined with the red endvertex of e 2 by a red edge in D since otherwise, by adding this missing edge, we obtain a 1-planar drawing of (P 4 ∪ P 1 ) + P 3 . The red endvertices of e 1 , e 2 and the false vertex v form a false 3-face in D
×
. For four such 3-faces, we need at least two red edges, but (P 4 ∪ P 1 ) + (P 2 ∪ P 1 ) contains only one red edge, a contradiction.
Lemma 2.11 (P 4 ∪ P 1 ) + 3P 1 is not 1-planar.
Proof. We can proceed similarly as in the proof of Lemma 2.10 using the fact that (P 4 ∪ P 1 ) + (P 2 ∪ P 1 ) is not 1-planar. . Clearly, at least one added edge joins two vertices of K 3,1 ∪ P 1 . The graph K 3,1 ∪ P 1 with an extra edge has a vertex of degree four or it contains P 4 ∪ P 1 as a subgraph, therefore the triangulation T cannot be an associated plane graph of any 1-planar graph (see Lemmas 2.6 and 2.11), a contradiction. Figure 4 shows a 1-planar drawing of
Finally, consider the cases with m = 6 and n = 3. Lemma 2.14 If G contains P 4 or K 3,1 as a subgraph, then G + H is not 1-planar.
Proof. It follows from Lemmas 2.11 and 2.12.
Proof. Figure 4 shows a 1-planar drawing of (C 3 ∪ C 3 ) + C 3 . Lemma 2.16 3P 2 + 3P 1 is not 1-planar.
Proof. Assume that 3P 2 + 3P 1 is 1-planar. D × has 9 + c vertices and 21 + 2c edges. 3P 2 + 3P 1 contains K 6,3 as a subgraph, hence c ≥ cr(K 6,3 ) = 6, see [9] . Any plane triangulation on 9 + c vertices contains 21 + 3c edges, therefore D . By this way we obtain a 1-planar drawing of a supergraph of (P 4 ∪ P 2 ) + 3P 1 , a contradiction. 
The join G + H with |V (H)| ≤ 2
It is much more difficult to describe, in a "nice" way, for which graph G is the join G + P 1 , G + 2P 1 or G + P 2 1-planar. The cases with small G are easy: if |V (G)| ≤ 4, then the above mentioned joins are 1-planar (since they are subgraphs of K 6 which is 1-planar). In the general case with G being larger, we start with easy necessary conditions:
Note that there are infinitely many positive integers n for which there exist graphs G n on n vertices and 3n − 5 edges such that G n + P 1 is 1-planar: put n = 2k with k ≥ 3 being odd, take two paths a 1 a 2 . . . a k−1 a k , b 1 b 2 . . . b k−1 b k and, for each i ∈ {1, . . . , k − 1}, add new edges a i b i , a i b i+1 , a i+1 b i and the edge a k b k ; in addition, for each odd j ∈ {1, k − 2}, add new edges a j a j+2 and b j b j+2 . The resulting graph G n is 1-planar with n vertices and 3n − 5 edges and has an associated plane graph G × n such that, for each odd j ∈ {1, k − 2}, the edges a j a j+2 , b j b j+2 are true and incident with the outerface of G × n (see Figure 5 ). By putting a new vertex into this outerface and joining it with all vertices of G × n , we obtain an 1-plane drawing of G n + P 1 . Proof. Again, from 1-planarity of G + 2P 1 , it follows that
To see that the bound is sharp, it is sufficient to consider the second power of the cycle C 2k , k ≥ 3.
In a similar manner, we can prove
Note that for any positive integer n ≥ 5 there exists a graph G n on n vertices and 2n − 2 edges such that G n + P 2 is 1-planar: Let C n = v 1 v 2 . . . v n v 1 be plane drawing of the cycle on n vertices. Add the edges v i v i+2 for i = 1, 3, . . . , 2 · n−1 2 − 1 to the outer face of C n and add the edges v j v j+2 for j = 2, 4, . . . , 2 · n 2 − 2 to the inner face of C n .
Lemma 3.4 If G + 2P 1 is 1-planar, then G does not contain K 7,1 or K 3,3 as a subgraph.
Proof. If G contains at least one of the graphs K 7,1 , K 3,3 as a subgraph, then G + 2P 1 contains a subgraph K 7,3 or K 3,3,2 which is not 1-planar. The subdivided cube H and the join H + P 1 .
Proof. If G contains at least one of the graphs K 7,1 , K 3,3 , K 4,2 , K 3,1,1 as a subgraph, then G+ P 2 contains a non-1-planar subgraph from the set {K 7,3 , K 3,3,1,1 , K 4,2,1,1 , K 3,1,1,1,1 }.
Corollary 3.1 If G + 2P 1 or G + P 2 is 1-planar, then the maximum degree of G is at most 6.
For sufficient conditions, we first deal with the case when G is a plane graph. For this, we introduce several specialized notions:
A plane graph G is called 2-outerplanar if the graph obtained from G by deleting all vertices of the outerface of G is outerplanar (the corresponding drawing is called 2-outerplane drawing). A face of a plane graph G is called exposed if it is adjacent to its outerface. Let P be the family of all 2-outerplanar graphs with the property that, for each exposed face f , the number of vertices of f which are not incident with the outerface is not greater than the number of common edges of f and the outerface.
Proof. Taking a 2-outerplane drawing of G ∈ P , insert a new vertex x into the outerface f O of G. Now, connect x with all vertices incident with f O and, for each exposed face f , add new edges between x and vertices which do not belong to f O in such a way that each new edge crossed exactly one edge incident with f O ; by the definition of P , this is always possible, hence, we obtain that the resulting graph, which is G + P 1 , is indeed 1-planar.
Note that the converse of Proposition 3.1 is not true: for graph H in Figure 7 , the join H + P 1 is 1-planar, but H ∈ P (although H is 2-outerplanar, for each its 2-outerplane drawing, the second condition of the definition of P is not satisfied).
Another sufficient condition for 1-planarity of G + P 1 is based on the notion of so called outer-1-planar graph defined by Eggleton in [6] However, also the converse of Proposition 3.2 is not true: Figure 8 shows an example of 8-vertex graph which is not outer-1-planar (this follows from the fact that n-vertex outer-1-planar graph has at most 5 2 n − 4 edges, see [1] ) but yields 1-planar join with P 1 . All these examples show that the fact that G + P 1 is planar if and only if G is outerplanar (see [3] ) cannot be easily generalized to cover the 1-planarity of G + P 1 in terms of "nice" properties of G (that is, relying only on the abstract structure of G). 
